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Modern applications in quantum computation and quantum communication require the precise
characterization of quantum states and quantum channels. In practice, this means that one has to
determine the quantum capacity of a physical system in terms of measurable quantities. Witnesses,
if properly constructed, succeed in performing this task. We derive a method that is capable to com-
pute witnesses for identifying deterministic evolutions and measurement-induced collapse processes.
At the same time, applying the Choi-Jamiołkowski isomorphism, it uncovers the entanglement char-
acteristics of bipartite quantum states. Remarkably, a statistical mixture of unitary evolutions is
mapped onto mixtures of maximally entangled states, and classical separable states originate from
genuine quantum-state reduction maps. Based on our treatment, we are able to witness these oppos-
ing attributes at once and, furthermore, obtain an insight into their different geometric structures.
The complementarity is further underpinned by formulating a complementary Schmidt decompo-
sition of a state in terms of maximally entangled states and discrete Fourier-transformed Schmidt
coefficients.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Fd
I. INTRODUCTION
One of the most prominent implications of the quan-
tumness of nature is the existence of nonlocal correla-
tions between compound systems, referred to as entangle-
ment [1, 2]. These kinds of correlations are incompatible
with our classical understanding arising from probability
theory. For this reason, quantum entangled states are a
main resource for applications in quantum computation
and quantum communication [3, 4].
A pure separable state is a product of the form
|ψS〉 = |e〉 ⊗ |f〉 = |e, f〉. (1)
Here we assume both subsystems to have identical di-
mensionality d. A mixed separable state is defined by
statistical mixtures of those pure ones [5]. Any state
that has no such representation is entangled. In order to
probe the entanglement of a system, experimentally ac-
cessible entanglement witnesses have been proposed and
optimized [6–10]. Another approach has been formulated
in terms of so-called positive but not completely positive
maps [6, 11].
Entanglement measures have been studied for char-
acterizing the strength of this quantum correlation; cf.
Ref. [4] for an overview. For pure states, the Schmidt
decomposition can be used to describe the amount of
entanglement [3]. By convex roof construction, the so-
called Schmidt number has been defined for mixed states
and corresponding witnesses have been formulated and
optimized [12–15]. The standard notion of a maximally
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entangled (ME) state reads
|ψME〉 = 1√
d
d−1∑
n=0
|en, fn〉, (2)
where {|en, fn′〉}n,n′=0,...,d−1 is an orthonormal basis,
and we have identical Schmidt coefficients d−1/2. It is
important to mention that the definition of an ME state
strongly depends on the applied measure [16–18]. How-
ever, to be consistent with the literature [4], we will
adopt the notion of ME states exclusively for states of
the form (2).
Beside the application of quantum correlated states, a
determination of the properties of a quantum channel is
indispensable. Nontrivial applications are, for instance,
the description of the propagation of light in turbulent
lossy media, such as in atmospheric quantum communi-
cation links [19]. Quantum channels are also the the-
oretical foundation for the dynamics of open quantum
systems, i.e., the interaction of a system with an environ-
ment. They may be used for characterizing the Marko-
vian character of a process [20, 21] or for formulating
the solution of a statistical differential equation (such as
Fokker-Planck, Lindblad, or master equations) in quan-
tum physics for a dissipative time evolution [22, 23].
Apart from their usage in computation and communi-
cation protocols, entangled quantum states can also be
employed in ancilla-assisted quantum process tomogra-
phy [24–27]. In contrast to standard process tomogra-
phy [28], this approach requires only a single bipartite
input state to completely characterize an unknown pro-
cess acting on a quantum system. For such a perfor-
mance, pure ME states (2) with perfect quantum cor-
relations turn out to be best suited [29]. The under-
lying idea is given by the Choi-Jamiołkowski isomor-
phism [30, 31], which provides a one-to-one correspon-
dence between quantum channels and bipartite states,
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2that is, the resulting bipartite state characterizes a quan-
tum process completely. Hence, properties of quan-
tum operations can directly be linked to their bipartite
state representatives [32]. A properly constructed wit-
ness operator applied to a state representative can un-
cover properties that rely on a convex structure of the
corresponding channels. Experimentally accessible wit-
nesses were proposed in Ref. [33], for instance, in order
to detect entanglement-breaking maps or to study sepa-
rability characteristics of channels. Note that we will use
the notions channels and maps as synonyms.
Here we derive a technique which allows one to con-
struct witnesses to uncover random unitary (RU) chan-
nels and random projective (RP) maps. While the former
describe a deterministic evolution together with stochas-
tic effects, the latter are based on the quantum state re-
duction in quantum measurements. Applying the Choi-
Jamiołkowski isomorphism, RU and RP maps are trans-
formed into mixtures of ME and separable states, re-
spectively. For constructing witnesses for such bipartite
states or quantum processes, optimization equations are
derived to bound the expectation value of general observ-
ables. Whenever these bounds are exceeded, an RU or
RP description or, equivalently, a convex combination of
ME or separable states can be excluded. The geometric
interpretation of a witness as a tangent hyperplane to a
given convex set allows one to infer geometric properties
of the set itself. A complete and full analysis is conducted
for arbitrary pure states in a bipartite system along with
the introduction of a complementary Schmidt decompo-
sition in terms of ME states and Fourier-transformed
Schmidt coefficients.
The article is structured as follows. In Sec. II, we give
the defining relations for RU and RP maps in the context
of the Choi-Jamiołkowski isomorphism. Structural and
geometric properties of both maps are studied. The con-
struction of witnesses is performed in Sec. III. Witnesses
for ME states are derived and compared to witnesses that
bound the set of separable states. In Sec. IV, the method
is applied to perform a full analytical characterization
of pure states regarding separability or being ME, e.g.,
for predicting upper bounds on imperfections. The com-
plementary Schmidt decomposition will be defined. We
summarize and conclude in Sec. V.
II. MAXIMAL QUANTUM CHANNELS
In order to describe the evolution or propagation of
physical systems, a process characterization is required;
cf. Ref. [20] for a recent review on quantum channels.
For this reason, a convenient form of a linear quantum
process is an input-output relation. In this form, the
initial state of the system ρˆin is transformed into a final
quantum state ρˆout,
ρˆin 7→ ρˆout = E(ρˆin). (3)
The linear quantum channel E itself can be expanded
in Kraus operator form [34],
E(ρˆ) =
∑
j
Kˆj ρˆKˆ
†
j . (4)
The channels studied here are linear, completely pos-
itive (CP) but not necessarily trace preserving. The
latter property can be restored by properly normaliz-
ing the output state of any channel after its application,
ρˆout = E(ρˆin)/tr[E(ρˆin)].
Besides the Kraus [34] and Holevo (not discussed here)
representations [35], another key method for characteriz-
ing quantum channels is the Choi-Jamiołkowski isomor-
phism. It states that each channel E has a unique repre-
sentation in terms of a bipartite quantum state %ˆE . This
isomorphism J reads
J : E 7→ %ˆE = N I⊗ E(|Φ〉〈Φ|), (5)
with |Φ〉 =
d−1∑
n=0
|n, n〉, (6)
a given normalization constant N , and a given compu-
tational basis {|n〉}n=0,...,d−1. In the following sections,
we highlight two maximal subclasses of maps that will
be considered for our further studies.
A. Random unitary channel
Random unitary (RU) channels are characterized by
deterministic unitary evolutions Uˆj which are realized
only with a certain probability pj ,
ERU(ρˆ) =
∑
j
pjUˆj ρˆUˆ
†
j . (7)
Such RU maps can be employed to model dephasing that
diminishes quantum coherences. This allows one to clas-
sify decoherence effects [36], for example, to perform a
complete error correction, which is possible if and only
if the sources of imperfections are of the RU type [37].
These kinds of processes are a main problem to be over-
come for the realization of quantum computation [38, 39].
Moreover, RU maps have also been applied to study en-
tanglement dynamics in the presence of environments or
phase noise [40–42]. However, except for qubit maps [43],
the full characterization of RU processes remains an open
problem.
The Choi-Jamiołkowski isomorphism (5) of such ran-
dom unitary channels yields a convex combination of
maximally entangled (ME) states,
J (ERU) =
∑
j
pj |ψME,j〉〈ψME,j | = %ˆME, (8)
with N = 1/d and |ψME,j〉 = Wˆj ⊗ Vˆj |Φ〉/
√
d for any
pair of unitary maps Wˆj , Vˆj satisfying Uˆj = VˆjWˆTj ; cf.
3Eqs. (5) and (7). The latter follows from the general
relation
Aˆ⊗ Bˆ|Φ〉 =AˆBˆT⊗1ˆ|Φ〉 = 1ˆ⊗BˆAˆT |Φ〉, (9)
where the transposition is taken in the computational
basis of the vector |Φ〉 given in Eq. (6) (see also Ap-
pendix A). Therefore, a characterization of RU channels
can be approached by studying ME states [44].
B. Random projective channels
The complement of the deterministic evolution of
quantum states in terms of unitary maps is the highly
probabilistic measurement process. A measurement of
a certain outcome yields the reduction of the state onto
the corresponding eigenspace–eigenvectors for nondegen-
erate observables. In classical theories, such a reduction
does not occur. Hence, the measurement process is a
genuine quantum feature. Here, we will characterize the
corresponding quantum channels.
Let us consider the following family of maps. A CP
map is a random projective (RP) channel if it has a Kraus
representation of the form
ERP(ρˆ) =
∑
j
pjPˆj ρˆPˆ
†
j , (10)
where Pˆj describes a rank-one operator, i.e., Pˆj =
|φj〉〈ψj |, and {pj}j defines a probability distribution. It
is worth pointing out that, for finite-dimensional sys-
tems, the finite sum is sufficient in this definition due to
Carathéodory’s theorem [45]. In addition, the RP maps
are so-called entanglement-breaking channels [46].
In contrast to a unitary evolution in RU channels,
an RP map is formulated in terms of collapses of wave
functions together with a possible subsequent evolution.
More rigorously, for each |φ〉 there exists a unitary map Uˆ
such that |φ〉 = Uˆ |ψ〉. Hence, each term in the RP chan-
nel (10) can be described as a collapsed state ρˆ which is
further propagated in time,
ρˆ 7→ Uˆ |ψ〉〈ψ|ρˆ|ψ〉〈ψ|Uˆ†. (11)
Note that such a map is not trace preserving, as 〈ψ|ρˆ|ψ〉
describes the (in general) non-unit probability of the re-
duction to the state |ψ〉〈ψ| within the measurement pro-
cess.
The Choi-Jamiołkowski isomorphism J in Eq. (5)
(N = 1) maps entanglement-breaking channels to sep-
arable states [46]. Therefore, the RP maps can be iden-
tified with the notion of separable states,
J (ERP) =
∑
j
pj |ψ∗j 〉〈ψ∗j | ⊗ |φj〉〈φj | = %ˆS, (12)
where we used the relation
(1ˆ⊗ 〈ψ|)|Φ〉=
d∑
m=1
|m〉〈ψ|m〉=
d∑
m=1
|m〉〈m|ψ〉∗=|ψ∗〉,
(13)
FIG. 1. (Color online) The mapping of the Choi-Jamiołkowski
isomorphism J is depicted via the arrows. On the one hand,
the deterministic evolution together with a classical statistical
description (RU maps) is mapped onto the set of bipartite
states which are formed by pure entangled states with equally
weighted Schmidt coefficients, i.e., ME states. On the other
hand, the maps which correspond to the genuine quantum
description of the measurement process (RP maps) have the
image of the set of classically correlated (separable) states.
and |ψ∗〉 is the complex conjugate of the vector |ψ〉 in the
computational basis. The state %ˆS describes a separable
state [5], and any pure state, given as |ψ∗〉〈ψ∗| ⊗ |φ〉〈φ|,
can be obtained from the RP map (11) with a single
element. Hence, an identification of an RP channel is
equivalent to the separability problem.
C. Maximal states and CP maps
Let us summarize some initial observations. Using the
isomorphism J , it was shown that the problem of identi-
fying specific kinds of quantum channels can be mapped
onto the characterization of bipartite states. A pictorial
summary may be found in Fig. 1.
First, we recalled the fact that RU maps have a bi-
partite representation in terms of mixtures of ME pure
states [44]. From now on, we will use the notion ME
state for such mixed and pure states, even though some
of the mixtures are separable (for example, the normal-
ized identity; cf. Appendix C). We emphasize that such a
deterministic evolution is something one also expects for
a classical channel. The image of J , however, is the con-
vex hull of pure ME states and those pure ME states have
genuine quantum correlations between the subsystems.
Second, we established the set of RP maps. The physi-
cal interpretation of such maps is a measurement-induced
state reduction. Again, we stress that this aspect of
quantum physics has no counterpart in the classical do-
main. The action of J behaves in a complementary way
as it yields bipartite separable states sharing no quantum
entanglement.
Hence, there is a cross correlation between states and
channels (Fig. 1). Nonclassical RP and classical RU maps
are propagated to separable and ME states, respectively.
Due to the fact that J is a bijective transformation, we
focus on the determination of separable and ME states
4from now on. However, one should keep in mind for
the remainder of this work that one can draw all of the
following conclusions for the corresponding channels.
D. Geometric representation
Let us consider some geometric aspects of the set
of separable states and ME states. The respective ex-
tremal points are pure separable states (1) and pure ME
states (2). In general, the convex set of all bipartite quan-
tum states is convexly spanned by all pure states, each
having a distinct Schmidt decomposition [3]:
|ψ〉 =
d−1∑
n=0
σn|en, fn〉, (14)
where σn is the nth non-negative Schmidt coefficient.
For the time being, let us restrict ourselves to the
family of pure states {|ψ(j)〉}j having a decomposition
with identical vectors {|en, fn〉}n=0,...,d−1 but different
Schmidt coefficients σ(j)n . The convex span of those pure
states is C = conv{|ψ(j)〉〈ψ(j)|}j . For the spanned mixed
states, ρˆ =
∑
j pj |ψ(j)〉〈ψ(j)| ∈ C, we define the following
projections:
σ2n = 〈en, fn|ρˆ2|en, fn〉 =
d−1∑
m=0
∑
j
pjσ
(j)
m σ
(j)
n
2 . (15)
For the considered class of pure states, these definitions
of σ2n coincide with the squares of Schmidt coefficients.
In general, the purity yields tr(ρˆ2) =
∑d−1
n=0 σ
2
n ≤ 1.
For the subspace C, it holds that it is the convex hull
of states satisfying
∑d−1
n=0 σ
2
n = 1. Similarly to the Bloch-
sphere representation, we obtain the full ball of pure
and mixed quantum states from this high-dimensional
sphere. In fact, one finds only one hyperoctant of the
sphere. Hence, for symmetry reasons, we may allow
σ
(j)
n < 0 for pure states or σn = ±[σ2n]1/2 for mixed ones.
Using the vector representation ~σ = (σ0, . . . , σd−1)T ∈
Rd, we can alternatively describe the ball as ‖~σ‖2 =
[
∑d−1
n=0 |σn|2]1/2 ≤ 1. A state in the considered subspace
given by Eq. (14) is pure if and only if ‖~σ‖2 = 1.
In this form, a separable pure state is characterized by
all points on the sphere (‖~σ‖2 = 1) where one and only
one Schmidt coefficient is nonvanishing, |σn0 | = 1, for
a given n0. This means that a pure state is separable
if and only if ‖~σ‖2 = 1 and ‖~σ‖1 = 1. The enclosed
convex volume defines the hyperdimensional analog to
an octahedron. In vector notion, this set is given by
‖~σ‖1 ≤ 1, with the 1-norm ‖~σ‖1 =
∑d−1
n=0 |σn|.
For pure ME states, all Schmidt coefficients have the
same magnitude, |σ0| = · · · = |σd−1| = d−1/2. This
is equivalent to the intersection of vectors ~σ which sat-
isfy ‖~σ‖2 = 1 and ‖~σ‖∞ = d−1/2 simultaneously. The
FIG. 2. (Color online) The (gray) ball depicts the volume of
all mixed quantum states which is bounded by states of the
form (14) for d = 3. The octahedron (blue) represents the set
of separable states and the cube (red) describes ME states.
convex combination of these vertices yields a hyper-
cube, ‖~σ‖∞ ≤ d−1/2, by applying the maximum norm
‖~σ‖∞ = max{|σn|}n=0,...,d−1.
In Fig. 2, the three-dimensional case is shown. Note
that for finite-dimensional systems the normed spaces de-
fined by ‖ · ‖1 and ‖ · ‖∞ are dual to one another [47].
This also highlights the complementary relations between
separable and ME states. A similar relation between en-
tanglement witnesses and separable states in two-qubit
systems was reported recently [48]. Moreover, a numeri-
cal study in Ref. [49] was performed for a similar, i.e., ge-
ometric, characterization of positive but not completely
positive maps. Local properties of quantum channels and
their verification have been further studied in Ref. [33].
III. WITNESSES FOR MAXIMALLY
ENTANGLED AND SEPARABLE STATES
In this section, we derive observable conditions which
enable us to infer whether or not a state is an ME state.
This will result in nonlinear eigenvalue equations whose
solutions give the upper or lower bound of an observable
for the desired class of states. Eventually, we will com-
pare our method with the construction of entanglement
witnesses.
A. Witness construction
In order to formulate witnesses for ME states, let us
apply the Hahn-Banach separation theorem [47, 50]. It
states that for any closed, convex set and any element
5that is not part of this set, there exists a linear functional
that separates the element from the set. In our case, the
closed convex set is the set of mixtures of ME states. Any
linear functional f , acting on trace class operators ρˆ, can
be written as f(ρˆ) = tr(ρˆLˆ) for a bounded, Hermitian
operator Lˆ. The separation of a non-ME state %ˆ in a
finite-dimensional system reads as follows. There exists
a Hermitian operator Lˆ, such that
〈Lˆ〉 > max{f(ρˆME)}ρˆME = gmaxME . (16)
The value of the functional, 〈Lˆ〉 = tr(%ˆLˆ), corresponds
to an experimentally accessible expectation value of the
observable Lˆ. Due to convexity, the maximal expecta-
tion value for ME states, gmaxME , is attained for a pure
state. Thus, this bound can be formulated in terms of an
optimization over pure ME states |ψME〉,
gME = 〈ψME|Lˆ|ψME〉 → gmaxME . (17)
Recall that any ME pure state can be written as
|ψME〉 = 1√
d
1ˆ⊗ Uˆ |Φ〉 = 1√
d
d−1∑
n=0
|n, un〉 (18)
[see Eq. (9) or Appendix A], together with orthonormal-
ity constraints for {|un〉}n=0,...,d−1 of the form
ci,j = 〈ui|uj〉 − δi,j ≡ 0, (19)
for i, j = 0, . . . , d − 1 and the Kronecker symbol δi,j .
Additionally, let us decompose the observable Lˆ into the
computational basis of the first subsystem,
Lˆ =
d−1∑
i,j=0
|i〉〈j| ⊗ Lˆi,j , (20)
which yields
gME =
1
d
d−1∑
i,j=0
〈ui|Lˆi,j |uj〉. (21)
Now, the optimization problem (17) under the con-
straints (19) can be solved by the method of Lagrange’s
multipliers γi,j . That is, for all k = 0, . . . , d− 1, we have
a vanishing gradient of the form
0=
∂gME
∂〈uk|−
d−1∑
i,j=0
γi,j
∂ci,j
∂〈uk|=
1
d
d−1∑
j=0
Lˆk,j |uj〉−
d−1∑
j=0
γk,j |uj〉,
(22)
as ∂〈ui|/∂〈uk| = δi,k. It can be checked by a projection
onto 〈k| in the first subsystem that we can write equiva-
lently
Lˆ|ψME〉 = d(1ˆ⊗ Γˆ)|ψME〉, (23)
with Γˆ =
∑d−1
i,j=0 γi,j |uj〉〈ui|. In this form, we have the
generalized eigenvalue problem (23) with an ME eigen-
state |ψME〉. The corresponding generalized eigenvalue,
denoted as goptME, is given by
goptME=〈ψME|Lˆ|ψME〉=d〈ψME|1ˆ⊗Γˆ|ψME〉=
d−1∑
i=0
〈ui|Γˆ|ui〉
=tr(Γˆ). (24)
Finally, the maximal expectation value of Lˆ for ME states
is given as the maximum over all optimal values,
gmaxME = max{goptME}, (25)
which is the desired right-hand side of the ME test in
inequality (16).
The value of gmaxME in Eq. (25) is a tight upper bound,
as it is attained for the corresponding eigenvector |ψME〉
solving Eq. (23), which exists. This is due to the fact
that all pure ME states form a bounded and closed sub-
set of the finite-dimensional and, therefore, compact unit
sphere of normalized pure states [47]. It is worth men-
tioning that the same procedure can be performed sim-
ilarly for a minimum. That is, %ˆ is not an ME state if
and only if there exists an observable Lˆ such that
〈Lˆ〉 < gminME = min{goptME}, (26)
which can be deduced from the approach with the max-
imum via the interchange Lˆ 7→ −Lˆ.
B. Relation to other eigenvalue problems
Computing the upper bound for all quantum states can
be done by solving the (standard) eigenvalue problem for
finding the maximal eigenvalue. This is consistent with
our finding that the generalized eigenvalue problem in
Eq. (23) yields the upper bound for ME states. At this
point, we can determine what might be a useful witness.
For example, a witness based on Lˆ for which gmaxME is
the ultimate upper bound to all quantum states cannot
fulfill condition (16). In general, we can make the fol-
lowing statement. The observable Lˆ is a proper witness
if and only if the eigenspace to the (standard) maximal
eigenvalue does not contain an ME state. The proof is
straightforward:
First, as we pointed out above, if the eigenspace con-
tains an ME state |ψME〉, gmaxME = 〈ψME|Lˆ|ψME〉 is iden-
tical to the maximal eigenvalue. Thus, condition (16) is
empty. Secondly, if the eigenspace does not contain such
an ME state, any element |ψ〉 of the eigenspace to the
maximal (standard) eigenvalue will satisfy the test (16),
〈ψ|Lˆ|ψ〉 > gmaxME . A similar statement has been formu-
lated for entanglement and so-called Schmidt number
witnesses [15].
6Moreover, in order to prove that %ˆ is not a separable
state, a similar relation to (16) has been derived [9],
〈Lˆ〉 > gmaxS , (27)
with gmaxS = max{goptS }. The latter values are deter-
mined from the so-called separability eigenvalue equa-
tions,
Lˆb|a〉 = goptS |a〉 and Lˆa|b〉 = goptS |b〉, (28)
with Lˆa = trA[Lˆ(|a〉〈a|⊗ 1ˆ)], Lˆb = trB [Lˆ(1ˆ⊗|b〉〈b|)], and
〈a|a〉 = 1 = 〈b|b〉. This kind of approach has been used to
experimentally uncover path-entangled states [51] or for
studying entanglement from semiconductor systems [52].
For separable states, the generalized eigenvalue prob-
lem in Eq. (28) has the same meaning as Eq. (23) for
ME states. However, the corresponding maximal bounds
gmaxS and g
max
ME address the detection of different proper-
ties. On the one hand, if condition (27) is fulfilled, then
the state %ˆ is entangled. If, on the other hand, Eq. (16)
is fulfilled, then %ˆ is not an ME state and it is thus not
the Choi-Jamiołkowski state of an RU process.
C. On computing solutions
In the following, let us solve Eq. (23) for some classes
of operators in order to demonstrate the functionality of
our method. The solutions will yield measurable tests in
Eq. (16) to probe ME states. Our results will be com-
pared with known tests for RU maps and related to those
for entanglement detection.
1. Product operators
As a first example, we consider a simple correlation
measurement between the two modes. Let
Lˆ = Aˆ⊗ Bˆ (29)
be a Hermitian positive semidefinite operator. Inserted
into Eq. (23), we find
Lˆ[1ˆ⊗ Uˆ ]|Φ〉 = d[1ˆ⊗ Γˆ][1ˆ⊗ Uˆ ]|Φ〉, (30)
with |ψME〉 = 1ˆ⊗ Uˆ |Φ〉/
√
d. This gives
[Aˆ⊗ BˆUˆ ]|Φ〉 =[1ˆ⊗ (BˆUˆAˆT )]|Φ〉 = [1ˆ⊗ (dΓˆUˆ)]|Φ〉.
Equating coefficients yields
Γˆ =
1
d
BˆUˆAˆT Uˆ† and goptME =
1
d
tr(BˆUˆAˆT Uˆ†). (31)
The spectral decomposition of the considered prod-
uct observable reads as Lˆ =
∑d−1
m=0 λA,m|am〉〈am| ⊗∑d−1
n=0 λB,n|bn〉〈bn|, with eigenvalues sorted in increasing
order. Using this fact, its positive semidefiniteness, and
Chebyshev’s sum inequality (see Appendix B), we have
gmaxME =
1
d
d−1∑
n=0
λA,nλB,n and gminME=
1
d
d−1∑
n=0
λA,nλB,d−1−n.
(32)
In the case of separable states, we can deduce from the
solution of the separability eigenvalue problem (28) that
gmaxS = λA,d−1λB,d−1 and g
min
S = λA,0λB,0. (33)
Comparing these values with the spectral decomposition
of Lˆ, we find that such a product operator cannot be
a proper entanglement witness because the upper and
lower bounds for all states are identical with those for
separable states. However, for nontrivial scenarios, they
differ from the gmax /minME . Hence, such a correlation mea-
surement is a proper witness to identify states which can-
not be a mixture of ME states, or non-RU maps.
An interesting consequence of such witnesses is given
by Aˆ = 1ˆ. In this case, the upper and the lower
bound coincide: gmaxME = tr(Bˆ)/d = g
min
ME . In terms
of expectation values, this means that a violation of
〈Lˆ〉 = trB [BˆtrA(ρˆ)] = tr(Bˆ)/d for arbitrary Bˆ identifies a
non-ME state. This simple consequence of our technique
is equivalent to a previously known constraint onto mix-
tures of ME states [32, 44]:
trA(ρˆME) = 1ˆ/d. (34)
In terms of the isomorphism J in Eq. (5), this means
that the violation of Eq. (34) excludes the RU description
of the channel. The constraint is clearly violated, for in-
stance, for pure separable states or the projective channel
in Eq. (11). A similar treatment for Bˆ = 1ˆ gives the same
restriction for the other subsystem, trB(ρˆME) = 1ˆ/d.
2. Flip-type operators
Another example provides a deeper insight into the
symmetry of the ME states. For this reason, let us con-
sider the so-called flip operator, Fˆ |x, y〉 = |y, x〉, which
exchanges the two subsystems. More generally, we study
a transformed version,
Lˆ = (Aˆ⊗ Bˆ)Fˆ (Aˆ⊗ Bˆ)†, (35)
for arbitrary operators Aˆ and Bˆ. This kind of operator
has been intensively studied in Ref. [53] for characterizing
RU channels.
The operator Lˆ maps a state |x, y〉 as follows:
Lˆ|x, y〉 = AˆBˆ†|y〉 ⊗ BˆAˆ†|x〉. (36)
Hence, it is convenient to consider the singular-value de-
composition BˆAˆ† = Uˆ1ΣˆUˆ
†
2 , with Σˆ being the diagonal
7matrix of decreasing singular values, Σ0 ≥ · · · ≥ Σd−1 ≥
0 and two unitary operators Uˆ1 and Uˆ2. Inserting this
decomposition, Eq. (36) can be rewritten in the form
Lˆ|x, y〉 = (Uˆ2 ⊗ Uˆ1)(Σˆ⊗ Σˆ)Fˆ (Uˆ†2 ⊗ Uˆ†1 )|x, y〉. (37)
As Uˆ2(1) is a unitary basis transformation of the first
(second) mode not affecting eigenvalues, we may simplify
the problem by choosing Uˆ1 = Uˆ2 = 1ˆ from now on. Now,
the spectral decomposition reads
(Σˆ⊗ Σˆ)Fˆ =
∑
m
Σ2m|m,m〉〈m,m| (38)
+
∑
m<n
ΣmΣn
(|ψ+mn〉〈ψ+mn| − |ψ−mn〉〈ψ−mn|) ,
where the eigenvectors |ψ±mn〉 = (|m,n〉±|n,m〉)/
√
2 form
symmetric (spanned by |ψ+mn〉 together with |m,m〉) and
skew-symmetric subspaces (spanned by |ψ−mn〉). We de-
duce the upper and lower bound for all states,
gmax = Σ20 and g
min = −Σ0Σ1. (39)
For separable states, we have the bounds
gmaxS = Σ
2
0 and g
min
S = 0, (40)
which are given from the partial transposition
(|Φ〉〈Φ|)TB = Fˆ and the approach in Sec. V of
Ref. [9]. Comparing these bounds for separable states
with the bounds for all states, we see that the upper
bounds coincide, gmaxS = g
max. Hence, as long as there
are at least two nonvanishing singular values Σ0Σ1 6= 0,
only the lower bound gminS > g
min provides us with a
reasonable test for inseparable states.
Let us now consider ME states. Applying our opti-
mization equations and following the same procedure as
above, one gets
Lˆ[1ˆ⊗ Uˆ ]|Φ〉=1ˆ⊗ ΣˆUˆT Σˆ|Φ〉=1ˆ⊗ (dΓˆUˆ)|Φ〉.
Hence, we have Γˆ = ΣˆUˆT ΣˆUˆ†/d and
goptME =
1
d
tr(ΣˆUˆT ΣˆUˆ†) =
1
d
tr(Uˆ∗ΣˆUˆ Σˆ). (41)
The maximal expectation value is given for ME states
in the symmetric subspace, which is spanned by
|ψ+m,n〉 = (|m,n〉+ |n,m〉)/
√
2 for m ≤ n. Equivalently,
this means that Uˆ = UˆT , which simplifies Eq. (41) to
goptME =
1
d
d−1∑
m,n=0
ΣmΣn|〈n|Uˆ |m〉|2, (42)
i.e., gmaxME =
1
d
d−1∑
m=0
Σ2m, (43)
where the latter maximum again follows from Cheby-
shev’s sum inequality in Appendix B.
For the minimum gminME , we proceed similarly con-
sidering the cases of even and odd dimensionality d
separately. From the spectral decomposition given by
Eq. (38), one can see that the generalized eigenvec-
tor |ψME〉 = d−1/21ˆ ⊗ Uˆ |Φ〉 should be an element
of the d(d− 1)/2-dimensional skew-symmetric subspace
spanned by |ψ−m,n〉 = (|m,n〉 − |n,m〉)/
√
2 for m < n.
Equivalently, this means that Uˆ should be, in the case of
an even d, an antisymmetric operator, UˆT = −Uˆ . Thus,
we find
gminME = −
1
d
d−1∑
m,n=0
ΣmΣn|〈n|Uˆ |m〉|2. (44)
In order to find the tight lower bound, we utilize the
Youla (or Slater) decomposition of a skew-symmetric op-
erator of even dimension, Uˆ = Vˆ Jˆ Vˆ T , where Vˆ is unitary
and Jˆ =
∑(d−2)/2
n=0 [Jn(|2n〉〈2n + 1| − |2n + 1〉〈2n|)] is a
block-diagonal skew-symmetric matrix [54]. In our case,
we have Jn = 1, which is the only choice that allows Uˆ
to be unitary. Setting Vˆ = 1ˆ yields the desired minimum
in Eq. (44).
For the odd case, one can add the minimal positive
eigenvalue Σ2d−1 of Lˆ yielding the smallest possible pos-
itive contribution to gminME and preserving the unitarity
of Uˆ . In detail, we modify our optimal Uˆ = Jˆ for the
even case such that Uˆ = Jˆ + |d− 1〉〈d− 1| for odd d. In
conclusion, we obtain
gminME = −
1
d

2
(d−2)/2∑
n=0
Σ2nΣ2n+1 for d even,
2
(d−3)/2∑
n=0
Σ2nΣ2n+1 − Σ2d−1 for d odd.
(45)
Again, we need to examine the eligibility of Lˆ to wit-
ness ME states by checking gmaxME against g
max and gminME
against gmin, respectively. Given that there are at least
two different non-vanishing singular values Σ0 6= Σ1 6= 0,
the upper bounds do not coincide, gmaxME < g
max. For the
lower bounds, we notice that they differ, gminME > g
min,
under the premise that d ≥ 3 and that there are at least
two nonvanishing singular values, Σ0Σ1 6= 0. Thus, both
upper and lower bounds can be employed as a test for
non-ME states.
3. Observations
From these very first examples for constructing ME
probes [see Eq. (16)], we see that our optimization
approach in terms of the generalized eigenvalue equa-
tion (23) is a useful technique to construct witnesses for
ME states. Known results could be easily derived, gener-
alized, and compared to a related approach for separable
states. Comparing the above solutions, one can even find
8a remarkable feature that relates to our geometric consid-
erations in the previous section. Namely, the values for
gmaxME or g
max
S are closely related to 1-norm or ∞-norm
systems, respectively. In the following, we will exploit
this observation in more detail.
IV. COMPLEMENTARY SCHMIDT
DECOMPOSITION
In this last section, we will apply our witnessing
approach to study Hermitian rank-one operators Lˆ =
|ψ〉〈ψ|. Based on our approach and the previously per-
formed studies on entanglement, we are able to assess the
entanglement properties of |ψ〉. Finally, we will construct
the complementary Schmidt decomposition.
A. Rank one witnesses
As pointed out before (see also Appendix A), any state
|ψ〉 can be written as |ψ〉 = 1ˆ⊗Mˆ |Φ〉. Inserting this into
our optimization given by Eq. (23) and performing the
same algebra as done in the previous examples, we obtain
Γˆ =
tr(Mˆ†Uˆ)
d
MˆUˆ†
and goptME =
1
d
∣∣∣tr(Mˆ†Uˆ)∣∣∣2 . (46)
As local unitaries affect neither separability nor the ME
property, we directly start from the Schmidt decomposi-
tion (14) in a rotated computational basis, i.e., |em, fn〉 =
|m,n〉. In particular, this means that Mˆ is the diagonal
matrix of Schmidt coefficients,
Mˆ = diag(σ0, . . . , σd−1) = diag(~σ). (47)
Thus, we get (Uˆ = 1ˆ)
gmaxME =
1
d
∣∣∣∣∣
d−1∑
n=0
|σn|
∣∣∣∣∣
2
=
‖~σ‖21
d
. (48)
Again, this can be compared with the separability eigen-
value approach,
gmaxS = max{|σn|2}n=0,...,d−1 = ‖~σ‖2∞, (49)
see Sec. IV A in Ref. [9].
In Fig. 3, we plot, for d = 3 and for real-valued sin-
gular value vectors ~σ ∈ R3, the bounds in Eqs. (48)
and (49). The left panel shows ‖~σ‖2∞~σ for normalized
states |ψ〉, ‖~σ‖22 = 1. Correspondingly, the right panel
depicts d−1‖~σ‖21~σ. This means the bound gmaxS (gmaxME )
is, in the left(right) panel, the distance of the surface to
(0, 0, 0)T in the ~σ direction.
FIG. 3. (Color online) The maximal projection of a pure
bipartite state |ψ〉 with the Schmidt coefficients ~σ onto sep-
arable (left plot) and ME (right plot) is shown. The (gray)
sphere indicates the normalization of the state, ‖~σ‖22 = 1.
Whenever the overlap 〈ψ|%ˆ|ψ〉 of a bipartite state is outside
of one of those surfaces, we have an inseparable (left) or non-
ME (right) state %ˆ.
Let us consider an application of such rank-one test
operator. We find that a quantum state %ˆ is neither sep-
arable nor ME, if for the fidelity with the state |ψ〉 the
inequality
〈ψ|%ˆ|ψ〉 > max{gmaxME , gmaxS } (50)
holds. For instance, we may take the state
%ˆ = (1− p) 1
d2
1ˆ⊗ 1ˆ + p|ψ〉〈ψ|, (51)
which is a mixture of a pure state and white noise. Note
that the normalized identity, i.e. the white-noise contri-
bution, is both separable as well as ME. Now we can es-
timate, by condition (50), the maximal amount of white
noise, 1− p, that the system can undergo without losing
its entanglement or its non-ME property. This holds for
all
p >
d2 max{‖~σ‖21/d, ‖~σ‖2∞} − 1
d2 − 1 . (52)
From the geometric point of view, this means that
〈ψ|%ˆ|ψ〉 is outside the surfaces in Fig. 3.
B. Discrete Fourier transform and decompositions
in terms of ME states
In the case of separability, it has been shown in Ref. [9]
that the nontrivial solutions, |a, b〉 for goptS 6= 0, of the op-
timization equations (28) for Lˆ = |ψ〉〈ψ| give the Schmidt
decomposition of |ψ〉. Here we will search for a simi-
lar possibility. Hence, let us reevaluate the solution in
Eq. (46).
Suppose we have found a set of solutions
{Uˆk}k=0,...,d−1. For simplicity, we consider only
9such unitaries that commute with Mˆ = diag(~σ). Hence,
we can write
Uˆk = diag(exp[iϕk,0], . . . , exp[iϕk,d−1]), (53)
and obtain a diagonal Γˆk operator in Eq. (46). Finally,
our ansatz for expanding |ψ〉 is
|ψ〉 =
d−1∑
n=0
σn|n, n〉 =
d−1∑
k=0
τk
1√
d
d−1∑
n=0
eiϕk,n |n, n〉. (54)
Hence we have a system of equations (n = 0, . . . , d− 1):
σn =
d−1∑
k=0
1√
d
eiϕk,nτk. (55)
At least one solution can be identified when taking
ϕk,n = −2pi
d
kn− ϑk. (56)
The unique character of such a choice is the fact that
Eqs. (55) for n = 0, . . . , d− 1 with the phases in Eq. (56)
describe a Fourier transform. Namely, we have
τk =
eiϑk√
d
d−1∑
n=0
e2piikn/dσn, (57)
where we choose ϑk such that τk ≥ 0. The trans-
formation in Eq. (57) can be called a generalized dis-
crete Fourier transform (GDFT) which maps the non-
negative vectors ~σ = (σ0, . . . , σd−1)T to the non-negative
vectors ~τ = (τ0, . . . , τd−1)T . Denoting the states
|ψME,k〉 = 1ˆ⊗ Uˆk|Φ〉/
√
d = |Fk,0〉, we can write
|ψ〉 =
d−1∑
k=0
τk|Fk,0〉, (58)
where Uˆk in Eq. (53) is defined by the phases in Eq. (55).
Note that our choice is also an orthonormal decomposi-
tion 〈Fk,0|Fk′,0〉 = δk,k′ (see also Appendix C).
Hence, one way to represent a state in terms of ME
states has been found. The remarkable aspect of the
form (58) is that the coefficients ~τ = (τ0, . . . , τd−1)T of
the expansion in terms of ME states are given by the
GDFT of the (standard) Schmidt decomposition in terms
of separable states. Therefore, we may refer to the expan-
sion (58) as the complementary Schmidt decomposition.
In Appendix C, it is shown for the discrete Fourier
transform F that a vector ~σ with non-negative entries
has the image ~τ ′ = F~σ for which ‖~τ ′‖∞ = d−1/2‖~σ‖1
holds. Because τk = eiϑkτ ′k, we get the same result for
~τ . Analogously, we conclude from the inverse GDFT that
‖~σ‖∞ = d−1/2‖~τ‖1. Note that the inverse GDFT may be
computed similarly to the ansatz presented in this sec-
tion starting from the complementary Schmidt decom-
position and the maximally non-ME (separable) states.
In addition, we get identical 2-norms for ~σ and ~τ (see
also Appendix C). In summary, the GDFT yields the
following important relations between the Schmidt and
complementary Schmidt coefficients:
‖~τ‖2 = ‖~σ‖2, ‖~τ‖∞ = ‖~σ‖1√
d
, and ‖~τ‖1 =
√
d‖~σ‖∞.
(59)
This highlights the dual character of the complementary
Schmidt decomposition.
Moreover, a maximally non-ME (i.e., separable) state
is described in terms of equally weighted complementary
Schmidt coefficients ~τ = d−1/2(1, . . . , 1)T . Up to unitary
transformations VˆA and VˆB , we have, for any separable
state |ψS〉 = |a, b〉,
|0, 0〉 = VˆA ⊗ VˆB |a, b〉 =
d−1∑
k=0
1√
d
|Fk,0〉, (60)
keeping in mind that {|Fk,0〉}k=0,...,d−1 are orthonormal
ME states. For the same reasons, any ME state takes the
form
|ψME〉 = Vˆ †A ⊗ Vˆ †B
d−1∑
k=0
δk,0|Fk,0〉. (61)
In Fig. 4, we summarize the complementary relations
between ME and separable states. Any pure normalized
state %ˆ = |ψ〉〈ψ| (‖~σ‖2 = ‖~τ‖2 = 1) is characterized by
the vector of Schmidt coefficients ~σ or its GDFT-mapped
coefficients ~τ . One result from Sec. IID is given in the
first row and can be extended with the results in the third
row of Fig. 4. That is, such a state %ˆ is a separable or ME
state if and only if ‖~σ‖1 = d1/2‖~τ‖∞ = 1 or d1/2‖~σ‖∞ =
‖~τ‖1 = 1, respectively. Test operators of the form Lˆ =
|ψ〉〈ψ| are in the dual space of density operators. Hence,
the bounds for ME and separable states are expressed in
the complementary form (see Sec. IVA). From the rows
2 and 3 of Fig. 4, we consequently get gmaxME = ‖~σ‖21/d =
‖~τ‖2∞ or gmaxS = ‖~τ‖21/d = ‖~σ‖2∞. Finally, the maximal
expectation value of Lˆ for arbitrary quantum states is
given by the only nonzero eigenvalue, gmax = ‖~σ‖22 =
‖~τ‖22 = 1.
V. CONCLUSIONS
In summary, we exploited the relations between quan-
tum channels and bipartite quantum states. We derived
a method that allowed us to construct the corresponding
witnesses. We performed a full analytical characteriza-
tion of pure states, e.g., for estimating the amount of
imperfections a quantum property can withstand.
In a first step, we identified two maximal quantum
channels, random unitary and random projective chan-
nels. Random unitaries are completely characterized by a
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‖~σ‖21 = 1 ‖~σ‖2∞ = 1/d
gmaxS = ‖~σ‖2∞ gmaxME = ‖~σ‖21/d
‖~σ‖21 = d‖~τ‖2∞ ‖~σ‖2∞ = ‖~τ‖21/d
FIG. 4. (Color online) The interpretations of norms of the
vector of Schmidt coefficients ~σ are shown. For normalized
states, we have ‖~σ‖2 = 1. If, in addition, the top row is
fulfilled, we have a separable (S) or ME state. Choosing a pure
state to be a witness, we get the upper bounds for separable
or ME states in the middle row. The relation between the
Schmidt coefficients and complementary Schmidt coefficients
~τ , with ‖~τ‖2 = 1, under the GDFT [Eq. (57)] is given in the
bottom row.
deterministic evolution and classical statistics. The com-
plement was introduced as a random projective chan-
nel. These kinds of processes are governed by the quan-
tum measurement-induced state collapse. Its relation to
entanglement-breaking channels was discussed. Apply-
ing the Choi-Jamiołkowski isomorphism, we could show
that these channels are mapped onto two complemen-
tary forms of bipartite quantum states. The isomorphism
acts in an anticorrelated way: The quantum-dominated
projective channels are transformed into classically cor-
related states, and deterministic unitary channels are
mapped onto maximally entangled states.
In a second step, a technique for constructing wit-
nesses was derived to probe nonrandom unitary channels
or, equivalently, nonmaximally entangled states. The re-
sulting, generalized eigenvalue equations have been com-
pared with a related approach to uncover inseparable
states or, equivalently, nonprojective quantum channels.
Some examples underlined the general functionality of
our method. With a single observable, one can perform
a joint witnessing of inseparable and nonmaximally en-
tangles states. Moreover, the computed bounds for the
witnessing are tight.
An example of particular interest was formulated in
terms of rank-one operators being defined by a single
pure state. We showed that the maximal overlap of this
state with maximally entangled ones is given in terms of
the 1-norm of the vector of Schmidt coefficients, whereas
the maximal fidelity with product states is given by
its ∞-norm. Finally, we introduced a complementary
Schmidt decomposition. Contrary to the standard ex-
pansion with orthonormal separable states, the comple-
mentary Schmidt decomposition expands a state in terms
of maximally entangled ones. In particular, the Schmidt
coefficients and the complementary Schmidt coefficients
are connected via a discrete Fourier transform.
In conclusion, our method is useful to characterize
channels and states of a classical or quantum character
in a unified manner. Because witnesses define tangent
hyperplanes to the studied convex sets, the presented
approach allows one to identify the full geometry. Some
steps in this direction have been done in the present work.
Moreover, our criteria, e.g., in terms of the presented cor-
relation measurements, are directly applicable in present
experiments.
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Appendix A: Relating operators and states
In this appendix, we will provide some simple, yet
useful relations for the representation of bipartite pure
states. First, any pure state can be written as
|ψ〉 = 1ˆ⊗ Mˆ |Φ〉 = MˆT ⊗ 1ˆ|Φ〉, (A1)
with |Φ〉 = ∑q |q, q〉 and Mˆ = ∑m,n ψm,n|n〉〈m|. In-
serting Mˆ yields the proper decomposition of the state
|ψ〉 = ∑m,n ψm,n|m,n〉. Second, we have
Aˆ⊗ Bˆ|Φ〉 = AˆBˆT ⊗ 1ˆ|Φ〉 = 1ˆ⊗ BˆAˆT |Φ〉. (A2)
Expanding both operators in the computational basis,
Aˆ =
∑
m,nAm,n|m〉〈n| and Bˆ =
∑
m′,n′ Bm′,n′ |m′〉〈n′|,
proves this relation. Third, the following equivalence ob-
viously holds:
Mˆ = Nˆ ⇔ 1ˆ⊗ Mˆ |Φ〉 = 1ˆ⊗ Nˆ |Φ〉, (A3)
which is a direct consequence of the identity (A1). Fi-
nally, one can directly evaluate that
〈Φ|1ˆ⊗ Mˆ |Φ〉 = tr(Mˆ). (A4)
Appendix B: Chebyshev’s sum inequality
In this appendix, we generalize the proof of Cheby-
shev’s sum inequality for our needs. The standard form
of this inequality states that for two ordered sequences,
a0 ≥ · · · ≥ ad−1 and b0 ≥ · · · ≥ bd−1, one has
1
d
d−1∑
n=0
anbn ≥
(
1
d
d−1∑
n=0
an
)(
1
d
d−1∑
n=0
bn
)
, (B1)
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and if one (and only one) of the sequences has the inverse
ordering, then the inequality (B1) changes the relation to
“≤”.
In addition to this well-known form, let us assume a
symmetric matrix of non-negative elements,
Gi,j = Gj,i = |〈i|Uˆ |j〉|2 (B2)
for a unitary operator Uˆ . Suppose we have two finite
and sorted sequences of numbers, a0 ≤ . . . ≤ ad−1 and
b0 ≤ . . . ≤ bd−1. It then holds that
0 ≤ S =
d−1∑
i,j=0
Gi,j(ai − aj)(bi − bj),
with (ai − aj)(bi − bj) ≥ 0 for all i, j. The expansion of
the latter expression yields
S=
∑
i,j
Gi,jaibi+
∑
i,j
Gi,jajbj−
∑
i,j
Gi,jaibj−
∑
i,j
Gi,jajbi.
Replacing i↔ j in the second and fourth terms and using
the symmetry of Gi,j , we get
S = 2
∑
i
[∑
j
Gi,j
]
aibi − 2
∑
i,j
Gi,jaibj ≥ 0.
This can be rewritten in the form of a generalized Cheby-
shev’s sum inequality,
d−1∑
i,j=0
Gi,jaibj ≤
d−1∑
i=0
aibi, (B3)
where we took into account that for any unitary Uˆ , one
has
∑
j Gi,j =
∑
j〈i|Uˆ |j〉〈j|Uˆ†|i〉 = 〈i|Uˆ 1ˆUˆ†|i〉 = 1.
In addition, we may define the unitary permutation
operation Uˆ0|j〉 = |d − 1 − j〉 and G′i,j = |〈i|Uˆ Uˆ0|j〉|2 =
Gi,d−1−j for Uˆ ′ = Uˆ Uˆ0. Now we have
0 ≥ S′ =
d−1∑
i,j=0
Gi,j(ai − aj)(bd−1−i − bd−1−j).
Similarly to the proof above, one can show that
d−1∑
i,j=0
Gi,jaibd−1−j =
d−1∑
i,j=0
G′i,jaibj ≥
d−1∑
i=0
aibd−1−i (B4)
holds for any unitary Uˆ .
Appendix C: Maximally entangled Fourier basis
The standard computational basis {|m,n〉}m,n=0,...,d−1
is a product basis. In this section, an orthonormal basis
of ME states is given. It reads as
|Fm,n〉 = 1√
d
d−1∑
q=0
ωqm|q, q + n mod d〉, (C1)
for ω = exp(2pii/d) (C2)
and m,n = 0, . . . , d − 1. The expansion coefficients rep-
resent the kernel of the discrete Fourier transform and
the state of the second mode relates to the discrete con-
volution.
We may also define the two unitary operators Uˆ =∑d−1
q=0 ω
q|q〉〈q| and Vˆ = ∑d−1q=0 |q + 1 mod d〉〈q| to see
that these states are ME states:
|Fm,n〉 = Uˆm ⊗ Vˆ n 1√
d
d−1∑
q=0
|q, q〉. (C3)
With this form, we can also verify that these states are d2
orthonormal ones and, thus, form an orthonormal basis.
We have
〈Fm,n|Fm′,n′〉 = 1
d
〈Φ|Uˆ (m′−m) ⊗ Vˆ (n′−n)|Φ〉.
In the case n 6= n′, the resulting sum is empty. The
missing part is given by the geometric series relation:∑d−1
q=0(ω
m−m′)q = dδm−m′,0. We additionally have
1ˆ⊗ 1ˆ =
d−1∑
m,n=0
|Fm,n〉〈Fm,n|. (C4)
Finally, let us retrieve the computational separable basis
in a form of maximally non-ME states,
|p, q〉 = 1√
d
d−1∑
m=0
ω−mp|Fm,n−p+q〉. (C5)
In addition, let us provide a relation between the
discrete Fourier transform and norms. Let ~x =
(x0, . . . , xd−1)T be a d-dimensional vector of non-
negative numbers, written as ~x ≥ 0, and the transformed
one is ~y = (y0, . . . , yd−1)T , i.e.,
~y = F~x, with F =
1√
d
(ωmn)m,n=0,...,d−1. (C6)
Parseval’s identity of the unitary transformation F states
that
‖~x‖2 = ‖~y‖2. (C7)
Furthermore, the triangle inequality yields
|ym| ≤ 1√
d
d−1∑
n=0
|ωmn|xn.
Identifying the right-hand side with y0 = d−1/2
∑
n xn,
we find
‖~y‖∞ = ‖~x‖1√
d
. (C8)
Similarly, we get, for the inverse Fourier transform F †
and ~y ≥ 0, the relation
‖~x‖∞ = ‖~y‖1√
d
. (C9)
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